What is the Required Series Length
for Correct Self-similarity Analysis?

Julio C. Ramirez Pacheco!? and Deni Torres Romén!

! CINVESTAV Unidad Guadalajara, Av Cientffica 1145, 45010
Col. el Bajio, Zapopdn, Jalisco, México
cramirezQgdl.cinvestav.mx, dtorres@gdl.cinvestav.mx
? Universidad del Caribe, SM 78, Manzana 1, lote 1, 77528, Canciin, QRoo, México

jramirez@ucaribe.edu.mx

Abstract. It is well-known that self-similar and Long-memory signals
appear in many fields of science. LAN, VBR sources, WWW traces,
wireless traffic, etc. are among the ones with this behaviour in computer
networking. An important question in these applications is how long
a measured trace should be to obtain reliable estimates of the Hurst-
index. This paper addresses this question by first providing a thorough
study of estimators for short series based on the behaviour of bias, @.
VAMSE and convergence when using Gaussian H-sssi signals. Results
show that Whittle-type estimators behave the best when estimating H
for short signals. Based on the results, empirically derived minimum
trace length for the estimators is proposed. Finally for testing the results.
the application of estimators to real traces is accomplished. Inmediate
applications from this can be found in the real-time estimation of the
Hurst-index which is useful in agent-based control of QoS parameters.

1 Introduction

Self-similar stochastic processes are the ones which present scale-invariant sta-
tistical behaviour [27] [12] [5]. These processes are widely applied as models
for different types of phenomena in a wide range of fields of science [23] [21]
[22] [14] [24]. In the computer networking area, these processes are used for the
modelling of aggregate LAN, VBR video, wireless and WWW traffic among oth-
ers [17] [6] [8] [20] [19]. In these studies, traffic was measured and then analyzed
in order to find whether it fits the self-similar model or not. The traces used
in these studies consisted of hundreds of thousands of points in the LAN case
and nearly 100000 for each VBR video trace. Obtaining such lengths usually
implies a long measurement time. For off-line study, the above lengths are ac-
ceptable while for applications of real-time administration of QoS metrics based
on accurate furst-index estimation, the above are unacceptable. The paper first
studies the behaviour of estimators to short time series and then adresses the
problem of obtaining the minimum length required for accurate real-time esti-
mations of the Hurst-index. The requirement is thus obtaining high accuracy
with minimum length. The accuracy shoud be comparable with that of long se-
ries, where accuracy in this case, is based on metrics such as standard deviation,
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bias and VMSE. Convergence analysis is also a useful tool for accomplishing the
above. Thus, the paper addresses the following issue: given specifications of bias,
variance or MSE. what the series length N should be?, i.e.. suppose stochastic
process ¥ posseses Hurst-index H, find the minimum length Np,in such that for
every realization(of length N,,;,) the estimated Hurst-indexes H are similar to
that of H. For accomplishing the above, the paper is organized as follows. Section
2 briefly summarizes self-similar stochastic processes and estimation methods.
Section 3 provides description of the methodology used for finding the minimum
value .V while section 4 presents a detailed study of the behaviour of estimators
to short time series, the problem of finding the minimum length for the estima-~
tors and the application of these results to real LAN traces. Finally section 5
concludes the paper.

2 Self-similar Signals and Estimation of H

Self-similar processes are the ones whose distributional properties are invariant
to dilations in time and suitable compression of amplitude. Let Z = {Z,};¢y,
where I = R or R, be a real-valued stochastic process, it is said that Z is
self-similar iff there exist an H € R such that for any a € R, the following
holds {Zar}rer < {a" Z;}1e1, where £ is in the distributional sense. Usually,
the interest is in /{-ss processes with stationary increments for which the above
holds with /{ > 0. The above definition is called the strict one. A relaxed version
of the above is obtained by the second-order definition one which requires invari-
ance on second-order statistical properties under scaling. Formally let Z; be a
continuous-time stochastic process, it is said that Z, is second-order self-similar
if EZ; = " EZ,, and R..(t.s) = a=2H R..(at,as). Computer networking re-
quires discrete-time models, then discrete versions of the above are needed. Let
X = {X,.€ Z} be a discrete-time process, possibly obtained by sampling a con-
tinuous time random signal, it is said that X is strictly self-similar iff there
exists an H € (0.1) such that for any m > 1 X L m'=HI, ({X}). T(.) is the
block aggregation process which receives as input a length NV time series and out-
puts an length N/m time series. A relaxed version of strict discrete self-sitnilarity
is given by second-order self-similarity in the exact sense. Let X be a discrete-
time stochastic process, it is said that X is exact second-order self-similar if its
correlation coefficient satisfies

p(k) = (K + D = 283 + (k= 1)), (1)

A process having a correlation function of the above form also satisfies Var(X) =
m*=2HVar(I,,({X})) and Cov(Im(Xy), Tn(Xi4x)) = m>~2H Cov (X, X14x). In
computer networking an even more relaxed version of (1) is used. A process X
is said to be asvmptotically second-order self-similar if the correlation function
of IN,({X}) as m — o is equal to that of an exact second-order self-similar
stochastic process in discrete-time i.e., equal to (1). If in the exact or asymp-
totic definition of discrete self-similarity we let k — oo, then, p(k) = ck?*—2H
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which implies long-range dependency. It means an asymptotic or exact self-
similar process is long-range dependent provided H € (0,1) and k — oc. The
greater the parameter H the sinoother the process is and the slower the decay to
zero of the autocorrelations. Several methods of estimation of the parameter H
have been proposed, the methods can be classified as time-domain, frequency-
domain and time-scale methods. Among the time-domain methods it is found
the R/S statistic [18] [13], variance-time plot(dispersional analysis), variance of
residuals(DFA), absolute moment, MAVAR, Higuchi's method. scaled window
variance (7], Whittle, etc (26] [25]. GPH, Periodogram and other modified peri-
odograms methods are found in the frequency-domain class which in turn take
advantage of the power law behaviour of the self-similar processes near the ori-
gin. Time-scale methods include wavelet based estimators such as Abry-Veitch
estimator (2] [3] [1] [4] [28]. Software tools for self-similarity analysis are also
important since they collect a number of estimators and methodologies for im-
proving the anaysis of self-similarity. In this context, studies have demostrated
that £ARMA and SelQoS are the most robust and accurate ones while a widely
used one, Selfis [16] [15], is inaccurate and not robust. This paper, makes use
of the R package fARMA for obtaining the results of estimations. The choice of
fARMA is based on the excellent programming capabilities of the S language.

3 Methodology

We first provide a detailed study of the behaviour of estimators to short se-
ries and then propose minimum lengths for the estimators. The behaviour of
estimators is studied by applying a given estimator to N time series and then
obtaining BIAS, ¢ and vMSE. Comparison of the behaviour of the estimators
subject to these statistics and for varying length aids in finding the minimum
length. Also a convergent analysis shows the evolution of estimators in time and
will be useful in this paper. Next we describe these steps in more detail. In or-
der to apply the estimators, N time series should be obtained. Synthetic signals
with known H are obtained by the simulation of Gaussian H-sssi(fGn) series
using the Davies and Harte method [9]. The considered lengths for the traces
were N = {2'.i =6.7...., 16} and for each length 100 traces with Hurst-index
H € {0.5.0.6.0.7,0.8,0.9,0.99} were generated. Thus, a total of 6600 ‘exact’
fractal signals were generated. For each set of estimations of a particular H, the
following statistics are computed BIAS = H, — X’ . where Hy is the nominal
value, standard deviation ¢ and VMSE = N™! ;\=1 (r; — Hy)?. Based on the
results of BIAS, ¢ and v MSE a minimum length is proposed. The length N,.in
is obtained from accurate estimations(BIAS ~ 0.03.0 ~ 0.015). In addition,
the classification of estimations based on these values(that of BIAS and o) is
also proposed. High accuracy estimations are obtained when BIAS < 0.03 and
o < 0.015, acceptable estimations when BIAS € (0.03.0.05) and ¢ < 0.02 and
biased estimations when BIAS > 0.1. Once the minimum length is obtained for
fGn-type series, the application of these results is performed to long synthetic
and real traces. For such series Z of length M, Al >> N,,.,.. the following is
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studied: let tp. ;. ....t be a sequence of points in the x-axis, where t;, > t; and

(f,.,.l — t.) < Npin- to each block of Z of length Nyin, {Z; };-'.:"',"V""""’, apply a

Hurst estimation method 6,‘?""" (.) to these blocks. Repeat until tj. + Np,in > M

for any k. A plot of t, versus 6,“_' = () should result in a signal with little vari-

ation(the variation should conform ¢) if Ny, is correctly set. The proposed

length N, is related to convergence analysis of a series, which is also stud-

ied. Convergence of any estimator is obtained by first partitioning the original
m

series Z into blocks of size m << M to obtain Z = {¥{",¥i",...,¥"}, where
UM = {Z(i=1ym+ Z(i—=m)m+1s - - - » Zim }. Next apply a Hurst methodology ©(.) to

U?::/;"{np’!" Lhi=12,..., N/m to obtain ©]",03™,...,6]™. Plot &!" versus jm
for j = 1.2,....N/m to visualize the convergent behaviour of estimator &(.).

4 Simulation Results

4.1 Perspective, Bias and o Plots

Figure 1 shows a perspective plot of estimations of the Hurst-index for traces
with H = 0.90 and for varying length when applying wavelet-based and Whittle
techniques. Left plot corresponds to wavelet technique while right plot to Whit-
tle. Note from the left plot that wavelet-based techniques experience high bias
and variability when estimating the Hurst-index for short time series. The length
of the traces for these highly variable estimations is in the order of N < 212,
When N € (2'1,2!2), the estimations show aceptable results and only when
N > 213, the estimations are highly accurate. Similar behaviour is obtained for
traces with Hurst-index value different that H = 0.90. The same kind of plot

Fig. 1. Wavelet and Whittle Estimations for 100 fGn traces with H = 0.90, left plot
corresponds to Wavelet estimations and the right to Whittle-type estimations.

when using Whittle-type estimations is shown in right plot of the figure for traces
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with i = 0.90. As can be seen from the figure, in general, Whittle-type estima-~
tions present high accuracy and low variability for short long-range dependent
time series. For values of H below 0.90, the estimated Hurst-index present high
variability when N < 29 and when H > 0.90, generally, the estimations are ac-
curate for N > 29. Comparing the results of Whittle-type estimators with that of
wavelet-based techniques is seen that the Whittle ones are more robust to short
series in the context of exact simulated fGn traces. Figure 2 shows a perspective
plot of estimations of the Hurst-index for traces with I = 0.90 and for varying
length when applying periodogram and R/S Statistic method. Recall that pe-
riodogram method is based on the behaviour of long-memory series’ PSD near
origin. As seen in the left plot of the figure, the periodogram method behaves
similarly to wavelet method for short series, i.c., with high bias and variability.
A similar behaviour is obtained when using different values of the IHurst-index
H. The right plot of figure also shows the same kind of plot as the Periodogram
for R/S algorithm. Note from the plot that R/S method present high variablity
no matter what the length of the trace is. The variablity diminishes when the
lengths of the traces are longer but it is difficult to establish a minimum length
for accurate estimations of H. In contrast to the other methods. the surface in
the R/S perspective plot is always rough. The results then imply that addi-
tional analysis methods should be applied to R/S statistic method in order to
deal with this biased behaviour. Finally, figure 3 shows the perspective plots
for variance-type method. Variance-type method presents a similar behaviour to
those of wavelet and periodogram methods. Unless wavelet and periodogram, the
range of accurate estimations for variance-type in the fGn context is different.
For accurate estimations, the length of the trace should be at least N > 213,
Figure 4 shows the bias experienced by every method studied for H = 0.90.

Fig. 2. Periodogram and R/S Statistic estimations for 100 {Gn traces with H = 0.90,
left plot corresponds to Periodogram estimations and the right to R/S Statistic.



302 Ramire=J. and Torres D.

Fig. 3. Variance estimations for 100 {Gn traces

Note from the figure that Whittle and Wavelet methods are the methods whose
behaviour for short series is better than the others. Unless Wavelet, Whittle
method behaves with less irregularity for short series and for NV > 2%, the biases
are not significant. For wavelet methods, the bias is irregular for short series and
stabilizes on N > 2!2. The other methods show irregular behaviour and high bias
and unless N > 26 the estimations are not aceptable. R/S statistic method
bias seems not to have stabilizing behaviour while periodogram and variance
seems to stabilize for high N. Figure 5 illustrates the standard deviations for
traces with H = 0.90 and varying length N. Note that Whittle-type method

Bias of estimators
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Fig. 4. Bias of all methods
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is the estimator which presents less variability and for N > 28 = 256 points,
the estimations are accurate enough. Periodogram and Wavelet methods are the
ones that follow in accuracy and the length required is the same when variability
is taken into account. However, bias and standard deviation together indicate
that the best estimator for short time series is Whittle method. Whittle method
presents high accuracy when N > 2%, Wavelet methods presents accuracy when
N > 23 Periodogram acceptable estimations when N > 2!® and Variance and
R/S statistic method, biased estimations when N € (29, 219),

4.2 Convergence of Estimators

For each series of length A/ = 2!°, a variation of the above defined convergent
analysis is performed. The analysis is first applied to the first 7, = 64 points
of the series X, i.e., a Hurst estimation method 6(.) is applied to the first 7,
points of X;. Then, we repeatedly apply ©(.) to the next 7y + i7, points of X,
where 7, =200 and i = 1,2...., k such that 7y + k7, < M. This analysis is done
to 100 fGn series, thus obtaining the convergent behaviour of each. Once the
convergent analysis is performed for each of the studied traces, the mean con-
vergence analysis is performed. it means the mean for the 100 estimations of 1y
and so on. The mean convergence plot 6(.) versus 7;.i = 0.1.2,....k is now an
indicator of how well the estimators convergence to the theoretical Hurst-index
value. This mean convergent behaviour was applied to the studied estimators in
this paper. Figure 6 shows the mean convergent behaviour of the R/S-statistic
method and variance-type method. Note from figure that R/S statistic stabilizes
quickly but is biased by 0.05, thus it is difficult to propose a minimum length for
this method. Unlike R/S statistic, variance-type method converges to the theo-
retical value(#/ = 0.9 in this case) as the length increases. From the figure and
the bias and o plots it is inferred that the required length for this method should
be at least 2!¢ points. Figure 7 shows the same kind of mean convergent plots

for the other methods studied. Note that Whittle-type method stabilizes quickly
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Fig. 8. LAN trace behaviour in time

with very low bias. The behaviour is similar to that of R/S statistic but unlike
R/S statistic, the estimations in Whittle-type are not biased. The behaviour
of Periodogram and wavelet method is similar. Periodogram, according to def-
inition in section 3 is negativelv biased. while wavelet is in principle positively
biased, but in the long term it becomes negatively biased. From the above figure
it is inferred that for accurate estimation of the Hurst-index at least 512 points
are needed for the Whittle-type method. For the wavelet method based on the
figures it is inferred that at least 2! points are needed for accurate estimations.

Periodogram method, on the other hand. needs at least 2!3 points for accurate
estimations.

4.3 Application to Real Traces

The application of the above results to a real trace is now done. The trace selected
is Bellcore’s Ethernet trace measured in August 1989. The trace represents one
hour of traffic on a LAN. The analysis performed is the same explained in section
3, let 1 = ty.),....t be a sequence of points in the r-axis, where ¢;4; > t, and
(tigr — t:) = 256. to each block of trace X; of length 256, {X; };':,"5" apply a
Hurst estimation method ©(.) and finally construct the graph of the behaviour
of the estimator ©(.). Figure 8 shows the results of this analysis. Note from
figure that periodogram overestimates and R/S statistic shows respectively ir-
regular behaviour. Whittle-type estimator follows the H value reported in [17]
and wavelet based method follow the reported value with high variability. Among
the possible application areas of the current results are physiological time series
where short time series are obtained [10] [11], administration of QoS parameters
in real time, where a short measured trace is required in order to make perfor-
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mance decisions and in every discipline where time series length is a considerable
factor affecting the performance of a system.

5 Conclusions and Future Work

This paper presented a study of the behaviour of estimators under short series
in the context of fGn traces. Based on the study of the behaviour of thou-
sands of fGn time series under bias, ¢, convergent analysis and behaviour under
time for a given length N,,,,. supossed to be the minimum length we arrive at
the folllowing conclusions. The Whittle-type method behaves the best for short
and long time series presenting both minimum bias and variability. The wavelet
and periodogram method behave well when the time series is medium length.
Variance and R/S statistic method behave with high bias and are not suitable
for short-length measurements. The minimum length for accurate estimation of
the Hurst-index was proposed for the estimation methods. Based largely on the
above mentioned analyses the minimum length for Whittle-type method is at
least 2%, 213 for the wavelet method, 2!3 for the periodogram one and 2'% for the
variance-type method. No minimum length was obtained for the R/S statistic
method due to the high bias and variability in lengths of 2'°. The testing of these
results in real Ethernet traces was also done. In the future we expect to study
the same behaviour for f-ARJIMA time series and also to study the effects of
nonstationarities and trends on estimating the Hurst-index for short time series.
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